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Governing Equations
1. Cahn-Hilliard model

In this report, a lattice Boltzmann diffuse interface model [1] is used for simulation of
incompressible multicomponent fluids flow with different densities and viscosities.
The order parameter C is defined to evaluate the composition of each phase in the
domain. If a two-phase fluid flow is considered, say gas as light fluid and liquid as
heavy one, C is calculated as the volume fraction of one of the two-phases. This
parameter is assumed to be constant in the bulk phases, e.g. C = 0 for the gas phase
while € = 1 for the liquid phase. In the interfacial region however, C changes rapidly
but smoothly between 0 to 1. In traditional Navier-Stokes based solvers, the Cohn-
Hilliard equation (CHE) efficiently applied to solve the time evaluation of the diffuse

interface for such problems:
9,C +u.VC = MV?u (1)

where u is the flow velocity vector and M is the mobility. The chemical potential u

can be derived from the free-energy functional

P = JV W(C,VC)dV = jv [,BCZ(C —1)2 +§|VC|2] dv )

where § is constant and « is a coefficient related to the surface tension. By minimizing

the free energy functional, the chemical potential is given by:

u= Z—lg =2BC(C —1)(2C — 1) — kV3C 3)

definition:
The first term in the right hand side of the equation (3) is known as classical part of

the chemical potential u,:

0P, B B
Ho =5~ = 2pC(C —1)(2C-1)

where 1, = BC*(C — 1)? is the bulk energy.
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The order parameter C across the interface of a plannar gas-liquid two-phase flow in

z —direction can be obtained from Eq. (3) at u = 0:

C(z) = % + %tanh(ZD—Z) (4)

where D is the interface thickness and chosen according to accuracy and stability of
the numerical solution. Constants 8 and x can be computed based on the given surface

tension force o and D with the following equations [2]:

2

With consideration of surface tension, the governing equations of the incompressible
fluid flows can be written as:
V.u=0,

6
,O(atu + u. VU) = —Vp — CVM + V. [T](VU + VUT)] ( )

where p is pressure, p = Cp; + (1 — C)p, is the average density and n = Cn, + (1 —
C)ng is the average viscosity. The subscripts [ and g denote the liquid phase and gas

phase properties, respectively.

2. Lattice Boltzmann equations
Herein, the multiphase lattice Boltzmann model developed based on the Cohn-Hilliard
equation [2], known as free-energy based model, is used for simulation of
multicomponent multiphase flows.
a{% +e,.Vg, = —%(ga —gq)+
(eq — ). [VpcZ(I;, — I (0)) — CVul] @)

e,. u N (e, w)? . u>]

eq 2
=ty |p + -
ga a [pl pCS < CSZ ZC;I' ZCSZ

%+ ey Vh, = —%(ha —hD) +

C
pcs
~u (e, w)? wu
c? 2¢t ZCSZI

(e — W) [vc ——(Vp, — cvu)] I, +V.(MYI, ®)

e
he! = t,C [1 +
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where, ¢ = 1/3,

e,.u (e, uw? wu

r,=1rI =t,|1 9
a a(u) a + Csz ZC;I, ZCSZ ()
and
(1
_ =0
3 a
by =12 =1,...6 (10)
a 18 a=1,...,
1 —
36 a=17..,18

It should be note that the pressure p in the momentum part of Eq. (6) can be regarded

as the sum of the thermodynamic part p,, hydrodynamic part p, and the curvature part:
K
p =p0+p1—KCV2C+E|VC’|2 (11)

But in the lattice Boltzmann equations used for simulation, only the hydrodynamic part

p, is appeared. For more details, please see the following note.

Note:
The thermodynamic pressure p, is determined by an appropriate equation of state and

it appears in the external force term F which models the non-ideal effects [3]:

F = VpcZ — Vp, + pkVV?p

when

0fa _ 1 € ¢
E‘l_ea-vfa - _I(fa _faq) + (e“ _u)'Ff“q

But the discretized form of above lattice Boltzmann equation (DBE) is unstable with
such definition for external force term, partly because of parasitic currents which arise
from imbalance between the thermodynamic pressure gradient Vp, and the surface

tension term pkVV?p due to the truncation error.
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It has been shown that the truncation error and the resulting parasitic currents can be
eliminated by the potential form of thermodynamic identity, Vp, = pVu,(p) [4].
Then, the thermodynamic pressure p, defines by:

0
p0=C%_¢0 = Cly —Po = BC*(C-1D(BC-1)

Finally, F for binary fluids is obtained by replacing the order parameter from the
density to the phase or composition measure C, and considering the free energy of the

system [5]. It includes the hydrodynamic pressure p, that enforces incompressibility:
F =VpcZ—Vp, — CVu

Now, with definition of a new particle distribution function g, = f,cZ + (p; —
pcI,(0), the DBE for the mass and momentum equations transforms into DBE for

the pressure evaluation and momentum equations [6], like Eq. (7).

Discretization Procedure

The Navier-Stokes equations and CHE are solved in the multiphase LBM proposed by
Lee and Liu [2] by applying the trapezoidal rule along characteristics over time step
&t at (x, t) and introducing the nondimensional relaxation time = A1/6t. To ensure
the numerical stability in solving high-density ratio problems, the second-order mixed
difference (MD) is applied to discretize the derivatives involved in the forcing terms
in the pre-streaming collision step, while the standard central difference (CD) in the

post-streaming collision step.

ga(x, t) = ga(x - ea6t, t - 6t) - T + 0.5 (g_(x - g—;q)|(x—ea6t,t—6t)
+ St(ea - ll). [VMDpCs? (Fa - Fa(o)) - CVMD.uFa] (x—eqbt,t—5t) (12)

ot
g_gq = g(iq - 7(60{ - u)- [VCDPCE(Fa - Fa(o)) - CVCD.UFa]

and
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Fla (xl t) = Ea (x - ea6t: t— 6t) - T+05 (Ea - }_lcexq)|(x_ea5t,t—5t)

C
+ 5t(e, — ). [vMDc G (70, cvMDu)] r,
S

(x—egbt,t—6t) (13)
+ 6tM (Vzﬂ)ra |(x—ea5t,t—5t)

_ ot C ot
h' = hy' — = (&g —w). [VCDC ~ 52 (P - CV%)] I = MWWI,
N

1. Directional derivatives of macroscopic variable ¢ (C, u or p;)

a) First derivative by second-order central difference (CD):
CD 1
otey.V ¢|(x) = E [d)(x +e,0t) — p(x — ea5t)]
b) First derivative by second-order mixed difference (MD):
1
6tea. VMD¢|(X) = E [Stea. VBD¢ + 5tea. VCDd))](x)
where (BD) is second-order biased-difference, e.g. forward one is:
1
Stey. VPP ploy = 5 [—p(x + 2e,6t) + 4¢p(x + e,5t) — 3¢ (x)]

c) Second derivative by second-order central difference:
(5teq-V)? ol = [Pp(x + €6t) — 2¢(x) + P (x — e,61)]

2. Non-Directional derivatives of macroscopic variable ¢ (C, u or p,)

a) First derivative by second-order central difference (CD):

1
VCD(]-’)l(x) = 28t E taea(6tea'VCD¢|(x))
5

a+0
b) First derivative by second-order mixed difference (MD):
1
VP | (x) = > [VEP b + VP By
where

1
VBD¢|(x) = 25t E taea(5tea-vBD¢|(x))
s

a+0

c) Laplacian of ¢
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1
V2¢|(x) = mz ty (Stea'v)zd)l(x)
s

ax0

More details:
In the case of D3Q19 model, the first derivative of ¢ in x-direction by non-directional

discretization with 2"-order central difference scheme can be:
cD 1
% ¢|(x) = g (¢i+1,j,k - ¢i—1,j,k)

1
+ 1 [(¢i+1,j+1,k - ¢i—1,j—1,k) + (¢i+1,j—1,k - ¢i—1,j+1,k)

+ (¢i+1,j,k+1 - ¢i—1,j,k—1) + (¢i+1,j,k—1 - ¢i—1,j,k+1)]

The same discretization procedure can be used for the first derivative of ¢ in y- and z-

directions.
The Laplacian of ¢ can be calculated using the following finite-difference scheme

1
V2¢|(x) =3 [(¢i+1,j,k + ¢i—1,j,k) + (¢i,j+1,k + ¢i,j—1,k) + (¢i,j,k+1 + ¢i,j,k—1)]

1
+ 5 [(¢i+1,j+1,k + ¢i—1,j—1,k) + (¢i+1,j—1,k + ¢i—1,j+1,k)

+ (¢i+1,j,k+1 + <I5i—1,j,k—1) + (¢i+1,j,k—1 + ¢i—1,j,k+1)

+ (¢i,j+1,k+1 + ¢i,j—1,k—1) + (¢i,j+1,k—1 + ¢i,j—1,k+1)] — 4k

Variabels

p(C)=Cp+(1—-Clpy , pg = const.

MPFL Report 01092017-E2, A Multiphase Lattice Boltzmann Method based on the Cahn-Hilliard Equation,
Eslam Ezzatneshan, Summer 2017



MPFL Report 01092017-E2

Vig

c2ot

(CO)=Cr+(1 -0ty , 145 = = const.

for the given surface tension force o and (numerical) interface thickness D,

4 K

Results for problems with Periodic B.C.

1. One Droplet in Equilibrium State
A droplet in a stationary flow is simulated as a benchmark problem. A computational
domain 101 x 101 x 101 is considered and the periodic boundary condition is applied

on the all sides of the domain. The interface thickness, density ratio, viscosity ratio,

interface tension and relaxation time are = 5, o 1000, - 100, ¢ = 1073 and

Pg Mg
T = 1. To verify the Laplace law of Ap = 20/R, three different drop radiuses R, =
25,30 and 35 are studied (left to right, respectively).

@
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2. Collision of Two Droplets

The 3D in-line and off-center droplet collisions are simulated. Two droplets with the
same radius R, = 25 were placed in the flow domain with 301 x 101 x 101 grid
points. The periodic boundary condition is applied on the all sides of the domain. The

interface thickness, density ratio, viscosity ratio, interface tension and relaxation time

are = 5, ;’—’ = 1000, ;’—’ =100, 0 = 10~* and v = 1. Two dimensionless parameters
g g

IX2RXU?

2RXU
are Weber number We =2 P1X2RXU

and Reynolds number Re =2 , Which are

m

calculated based on the droplet diameter and relative impact velocity U. In this study,
We = 800 and Re = 60 are considered.

\ o

o
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3. Phase Separation

The phase separation from an initial random state is simulated in this section. The
numerical simulation is performed ina 101 x 101 x 101 domain. The initial density
istaken as p = p,.r + p, Where p; > p,..r > p, is a reference density and p is a small
random perturbation. It should be note that, the value of p effects on the spinodal
decomposition phenomena. Herein, the periodic boundary condition is applied on the

all sides of the domain as well. The interface thickness, density ratio, viscosity ratio,

and relaxation timeare = 5, 2- = 10, X = 10, and 7 = 1.
Pg Mg

o =103 =0.001
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Implementation of Wall Boundary Conditions:

a) Bounce-back scheme for unknown particle distribution functions g and h at

the wall nodes.
b) Two B.C.s related to the C-H equation and contact angle:

n. Vul, =0,

n.vel, = 2(c, - ¢2).
where

e = Qe 2kP
cos 01 = — (),
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